Alternating direction primal dual methods

We will now focus on a class of algorithms that work by fixing the
dual variables and updating the primal variables @, then fixing the
primals and updating the dual variables A, v. An excellent source
for this material is | |. In fact, what follows here is basically
a summary of the first 12 pages of that paper.

We have seen that when we have strong duality (which we will assume
throughout), the optimal value of the primal program is equal to
the optimal value of the dual program. That is, if *, A*,v* are
primal /dual optimal points,

f(x*) =dN,v) = inf L(x, X", V"),

RN

where L is the Lagrangian

L(x, A\, v) = f(x) + Z AnGm(x) + v (Ax — b).

If L(x, \*,v*) has only one minimizer,' then we can recover the
primal optimal solution &* from the dual-optimal solution A*, v* by
solving the unconstrained program
x* =argmin L(x, X", V).
xRN

“Alternating” methods search for a saddle point of the Lagrangian
by fixing the dual variables A;, v, minimizing L(x, Ay, v;) with
respect to @, then updating the Lagrange multipliers.

To start, we will base our discussion on equality constrained
problems. Incorporating inequality constraints will be natural after
we have developed things a bit.

"Which is the case when f is strictly convex, and in many other situations.
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Dual ascent

We want to solve

minimize f(ax) subject to Ax =0b.
xeRN

We will assume that the domain of f is all of RY; again, things are
easily modified if this is any open set. The Lagrangian is

L(z,v) = f(x) +v'(Az — b),
and the dual function is
d(v) = ir;f L(xz,v)
= i:;lf flx)+v'Az —v'b
= —sup ((—ATV)T:L‘ — f(:r:)) —v'b
—F(-AT) -,
and the dual problem is
maximize d(v).

vERN

Consider for a moment the problem of maximizing the dual. A rea-
sonable thing to do would be some kind of gradient ascent:”

Vi1 = Vg + Oéka(l/k),

where «, is some appropriate step size. The gradient of d (with
respect to v) is

Vd(v)=V, <ir£f flx)+v'(Ax — b)) :

2“Ascent” instead of “descent” because d(v) is concave instead of convex.
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Taking " = argmin, f(x)+ v'(Ax — b), we have

Vdv)=V, (f(z") +v'(Az* — b))
= Ax" —b.

This leads naturally to:

The dual ascent algorithm consists of the iteration
xp, 1 = argmin L(x, v}

Vi1 =V + ap(Axy — b)

that is repeated until some convergence criteria is met.

This algorithm “works” under certain assumptions on f (that trans-
late to different assumptions on the dual d). In particular, we need
L(x,v) to be bounded for every v, otherwise the primal update
x). = argmin, L(x,v;) can fail.

That the Lagrangian is bounded below for every choice of v is far
from a given. Looking at

L(z,v) = f(x) +v'(Az — b),

we can see that if f increases slowly (sublinearly) in any direction
even partially aligned with the row space of A, then we can find a
sequence of & that drive L(x,v) — —oo for certain v.

Of course, this algorithm is nicest when we can solve the uncon-
strained primal update problem efficiently.
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The Method of Multipliers and Augmented Lagrangians

The method of multipliers (MoM) is the same idea as dual ascent,
but we smooth out (augment) the Lagrangian to make the primal
update more robust.

It should be clear that

minimize f(x) subjectto Ax = b,
xRN

and

minimize f(x) + gHAw —b||; subjectto Ax =b

xRN
have exactly the same set of solutions for all p > 0.
The Lagrangian for the second program is

Ly(@,v) = f(@)+ 5] Az - b]}; + v"(Az — b)
This is called the augmented Lagrangian of the original problem.
Adding the quadratic term is nice — it makes (under mild conditions
on f with respect to A) the primal update minimization well-posed
(i.e., makes the dual differentiable).
Notice that the Lagrange multipliers v appear in exactly the same

way in the augmented Lagrangian as they do in the regular La-
grangian, so the dual update does not change.
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The resulting algorithm is called the method of multipliers;
we lterate

xp =argmin L (x,vy)
xr

Vi =V + p(Ax — b)

until some convergence criteria is met.

As a bonus, we now have a principled way of selecting the step size
for the dual update — just use p. To see why this makes sense, recall
the KK'T' conditions for &* and v* to be a solution:

Ax*=b, Vf(lx)+A'v =0.
With p as the step size, we have

0=V.L,(xr1,Vr), (since xy, is a minimizer),
= Vf(xin) + A" (v + p(Amiyy — b))
= Vf(@p1) + A vpi

So the dual update maintains the second optimality condition at
every step.

The MoM has much better convergence properties than dual ascent.
The algorithm we look at next, the alternating direction method of
multipliers (ADMM), will build on this idea in a way that makes it
applicable to functions that have a nonsmooth component and can be
easily modified to incorporate certain kinds of inequality constraints.
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Alternating direction method of multipliers
(ADMM)

ADMM splits the optimization variables into two parts, & and z,
and solves programs of the form

minimize f(x)+ g(z) subjectto Ax+ Bz =c.

The basic idea is to rotate through 3 steps:

1. Minimize the (augmented) Lagrangian over & with z and the
Lagrange multipliers v fixed.

2. Minimize the (augmented) Lagrangian over z with  and v
fixed.

3. Update the Lagrange multipliers using gradient ascent as be-

fore.

If the splitting is done in a careful manner, it can happen that each of
the subproblems above can be easily computed. We can also handle
general convex constraints through projection by taking g to be an
indicator function (more on this later).

To make the three steps above more explicit: the augmented La-
granglan 1s

Ly(@,2,v) = f(@)+g(z)+v"(Az+ Bz —c)+ || Az+ Bz —cl},
and the general ADMM iteration is

xp =argmin L,(x, 2y, Vy)

Zpi1 = argmmin L, (i1, 2, V)

z

Vi1 = Vi + p(Axy + Bz — ).

103

Georgia Tech ECE 6270 Notes by M. Davenport and J. Romberg. Last updated 21:31, April 19, 2026



The only real difference between ADMM and MoM is the we are
splitting the primal minimization into two parts instead of optimizing
over (x, z) jointly.

Scaled form.

We can write the ADMM iterations in a more convenient form by

substituting
1
n=-v.
P

By “completing the square” we have that
I/T(Aa:+Bz—c)+§HAachBz—cHg = gHAa:+Bz—c+uH§—gHuH§,

and so we can write:

ADMM:

2en —aigin (@) + 5 A + Bz - e+ )

xr

s = angmin (9(2) + 2 Ay + B2 - ot )

z

i1 = |y + Awk_H + sz-H — C
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Example: The LASSO
Recall the LASSO:

1
minimize éHAaz — b5 + 7|z
Zr

Taking
1
f(@) =5l Az —bl; and g(2) =7z,

we can rewrite this in ADMM form as

minimize f(x)+ g(z) subjectto x — 2z =0.

T,z

The x update is

, 1
Tosr — arg min (équ b+ Dzt ukuz) .

With both z, and p,, fixed, this is a regularized least-squares problem
and is equivalent to:

9
min
xTr

o7 e )

This problem has a closed-form solution:

2

Tpt1 = (ATA + pI) R A" VpT] [\ﬁ(zf— :U'k)]

(ATA+01) " (ATb+ plz — )
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The z update problem is:
minimize 7|z, + gHz T —

You may recognize this: it is the proximal operator for the ¢;-norm,
which as we have seen before has closed form solution:

Zip1 = Tryp(Tpsn + pay,),

where T)(-) is the term-by-tern soft-thresholding operator,

vn] — A, wvn] > A,
(Ta(v))[n] = {0, [oln]] < A,
vin] + A, vn] < =\,

To summarize:

ADMM iterations for the LASSO

-1
= (ATA+ 1) (AD+ plz — )

Zk+1 = TT/p(ajk—l—l + “k):
M = Mg+ Thy1 — 2yt
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Convergence properties

We will state one convergence result. If the following two conditions

hold:

1. f and g are closed, proper, and convex (i.e., their epigraphs are
nonempty closed convex sets),

2. strong duality holds,
then

e Ax;, + Bz, — c — 0 as k — oo. That is, the primal iterates
are asymptotically feasible.

o f(xy) + g(z) = f(x*) + g(x*) as k — oo. That is, the
value of the objective function approaches the optimal value
asymptotically.

e v, — V" as k — oo, where v* is a dual optimal point.
Under additional assumptions, we can also have convergence to a

primal optimal point, (x, z;) — (x*, 2*) as k — 0.

See | , Section 3.2] for further discussion and references.
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Convex constraints

Using a technique that we have seen before, we can write the general
program

minimize f(),
where C is a closed convex set, in ADMM form as

minimize f(x) +g(z) subjectto x— 2z =0,
zeR

where g(z) is the indicator function for C:

(2) = 0, =ze€eC,
NE= 0o, z ¢C.

Note that in this case, the z update is a closest-point-to-a-convex-set
problem. For fixed v € RY:

argmin g(z)+ gHz — |3 = argmin ||z — v|y = Pe(v).
z zeC

ADMM iteration for general convex constraints:

Tj11 = argmin (f(a:) + gHw — Zp + Hng) ;

xr

Zie1 = Pe (T + 1)
Mipir = By + Thp1 — 2yt

Of course, this algorithm is most attractive when we have a fast
method for computing Pe(+).
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Example: Basis Pursuit
As we have seen before, a good proxy for finding the sparsest solution
to an underdetermined system of equations Ax = b is to solve

minimize ||&||; subject to Ax =b.

To put this in ADMM form, we are solving

minimize f(x)+ g(z) subject to x —z =0,

T,z

with
0, Az=0b,
o0, otherwise.

f(x) =||x|;, and g(z)= {

The projection onto C = {x : Ax = b} can be given in closed form
using the pseudo-inverse ¢ of A as
Pe(v) = A'(b— Av) +v
—I-A"(AAHY"A)v+ A" (AAY b,
where the last equality comes from A" = AT(AA™)~" when A has
full row rank.
The updates in this case are

X = arg min (HmHl + gHCL' — 2z + uﬂ!%)

= Thyp(2z1 — 1)
zp = (I— A AAY) A (@ + ) + AT(AAT) D

M = By + Tpp1 — Zpgt
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Example: Linear programming

Consider the general linear program

minimize e¢'x subject to Ax =b, = >0,

T

where A is an M x N matrix with full row rank.” We can put this
in ADMM form by first eliminating the equality constraints, then
introducing the indicator function for the non-negativity constraint.

Let Q be an N x (N — M) matrix whose columns span Null(A),
and let @, be any point such that Axy, = b. Then we can re-write
the LP as

minimize ¢'(xy+ Qw) subject to =+ Qw > 0,

which we can write in ADMM form as
minimize ¢'xy + c¢'Qw + g(z) subject to Qw — z = —xy,

where

o= {520

o0, otherwise.

(We can drop the ¢y from the objective since it does not depend
on either of the optimization variables.)

Notice that when @ has full column rank, the program

1
minimize v w + §HQw —yl3,
w

3The full row rank assumption is not at all essential; I am just making it to
keep things streamlined.
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has the closed-form solution
w' =(Q'Q)(Q'y —v).

Also, the projection onto the non-negative orthant C = {x : > 0}
Is

vn|, wv
0, v

Pe(v) = (v),, or (Pe(v))n] = {

ERE)

> 0,
< 0.

For the general linear program, then, the ADMM iterations are

1 1
Wy = argmin (; c'Qu + équ — Zpt Ty + Mk”g)

—(Q'Q)" [QTm —zo— ) - %QTc] |
Zpi1 = Pe(Qwy, 1 + @ + py)

= (Qwjy + o+ ),
M1 = My + QWi — 244 + .

Notice that especially when the columns of Q are orthogonal, Q" Q =
I, all of these steps are very simple.
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