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Least-squares triangulation

L1y...,Tp E R” : “Landmark points” (locations known)
r* € RF: query point (location unknown)

Observe d; ~ ||z* — x;||3 forj =1,...,n.

How to estimate z* € RF?

dy = ||lz* — 21|13 = [|&7(|3 + [|=1]|3 — 2(z*, @1)
dj = [lz* — x5 = [l=7[15 + ll=; /15 — 2(=", ;)
(@, zj — 1) = |mliln i+

n — 1 linear equations, k£ unknowns



Nonmetric triangulation

What if we can’t measure distances?
- closer to Bermuda than Miami
- closer to Miami than St Martin

Observations: T such that for all (¢,5) € T

lz* — @i|3 < ll* — |3



Applications

e Localization

e Nonmetric multidimensional scaling

useful tool for data exploration

observations are often nonmetric (e.g., pairwise comparisons)

adding new data to an existing embedding

scalable algorithms via “landmark points”
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Convex optimization approach

Observations: 7 such that for all (z,7) € T

|lz* = @ill3 < lla* — ;13

Recall that if d; = ||z* — x;]|3, then

— =3 =l |5 +d;—d;

(x*,x; — x4) 5

Thus, if ||2* — x]|3 < ||=* — ;]|3, then

z|12=]|x; |2
(@ — ;) > Lolilel?




Convex optimization approach

Use observations to define |7 | constraints

Z = argmin ||z||5
I
lzil|3 — llz;l15

5 (i,7) €T

s.t. (z,z; —x;) >

Solution can be highly sensitive to noise



Robust version

Introduce “slack variables” to allow some constraints to be
violated

rgmm lzlz+C > &,

(4,5)€T

|22;1|5 — [|25115
> Z (2109 5 J 2 _gz,J

‘S’LJ>O (7’7.])67-

s.t. (z,x;i —x;






Localization error
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Nonmetric MDS

What if no initial configuration of points is known?

Several algorithms exist for nonmetric MDS, but they are all
computationally expensive

Landmark nonmetric MDS
e Pick random subset of the data

e Learn an embedding of these “landmark points” via
(expensive) nonmetric MDS algorithms

o Use nonmetric triangulation to embed rest of dataset



Landmark nonmetric MDS
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Summary

Simple convex algorithm for nonmetric triangulation that
easily handles

- noisy observations
- highly incomplete comparisons

Natural extension to nonmetric MDS via the method of
“landmark points”

Open questions
- theoretical analysis
- active selection of comparisons



Thank You!



